Mona

Department of Economics

Maharaja College, Ara

Veer Kunwar Singh University

B.A. Economics

Sem-1V

Paper - MJC 5

Topic: Production with One or More Variable Factors: A Mathematical
Analysis

Production with One or More Variable Factors: A Mathematical Analysis

Introduction

Production refers to the process of transforming inputs into outputs. In
economics, the relationship between inputs and outputs is analyzed through
production functions. A key aspect of production theory is the distinction
between fixed and variable factors. Fixed factors remain constant regardless of
output levels, while variable factors change with output. This document
explores production with one and multiple variable factors using mathematical
expressions.

1. Production with One Variable Factor

When only one factor of production is variable, the relationship between input
and output is typically represented by a short-run production function.
Mathematically, it can be expressed as:

Q=1(L, K)

where:

Q= Total output

L= Variable factor (e.g., labor)
K= Fixed factor (e.g., capital)

e Law of Diminishing Marginal Returns



The law of diminishing marginal returns states that as additional units of a
variable factor are added to a fixed factor, the marginal product of the variable
factor eventually decreases. This can be shown using marginal product (MP)
and average product (AP):

MPL = AQ/AL and APL= Q/L

where:

MPL= Marginal product of labor

APL= Average product of labor

Example
Suppose a production function is given by:

Q=10L-L2

To find marginal and average products:
1. Marginal Product (MP):

MPL=10 - 2L

2.Average Product (AP):

APL=Q/L= 10L-L¥L=10-L

As more labor is added, the marginal product eventually declines, illustrating
diminishing returns.

2. Production with Two or More Variable Factors
When multiple factors of production are variable, the production process is
analyzed using a more complex production function. For example, a

Cobb-Douglas production function is commonly used:

Q = AL’K*



where:
A= Total factor productivity
a, B = Output elasticities of labor and capital

Marginal Products and Returns to Scale
For a two-variable production function, the marginal products are:

MPL = 5Q/3L= A aL*' K
MPL= 5Q /K= Ap L°K !

The concept of returns to scale is also crucial. Returns to scale describe how
output changes when all inputs are scaled by the same factor:

e Increasing returns to scale: If a+p>1

e Constant returns to scale: If a+p=1

e Decreasing returns to scale: If If a+f<1
Example

[J Consider a Cobb-Douglas production function:
Q — 2L0.5 KO.S
1. Marginal Product of Labor:
MPL=2x O.SLI_O'SKO'S — L-O.SKO.S

— KO.S/LO.S

2. Marginal Product of Capital:
MPK = 2x0.5L%°K"?

— LO.S K-O.S

— KO.S/LO.S

3. Returns to Scale:

Since, a+p =0.5 + 0.5 =



Since the sum of exponents equals 1, the production function exhibits constant
returns to scale.

3. Isoquants and Isocosts

Isoquants represent combinations of inputs that yield the same level of output,
while isocost lines represent combinations of inputs that cost the same.
Mathematically, an isoquant is given by:

Q=1f(L,K)

The slope of an isoquant is the marginal rate of technical substitution (MRTS),
which shows the rate at which one input can be substituted for another without
changing output:

MRTS, .= MP,/MPy

The cost minimization problem is solved when the MRTS equals the ratio of
input prices:

MP,/MPy = w/r

where:
w= Wage rate (price of labor)
r= Rental rate (price of capital)

Conclusion

The mathematical analysis of production with one or more variable factors
provides insights into how inputs contribute to output. The law of diminishing
marginal returns governs single-variable production, while multi-variable
production is described using functions like Cobb-Douglas. Understanding
marginal products, returns to scale, and cost minimization is essential for
optimizing production processes and maximizing efficiency.



